
KINETICS OF SIMILARITY REGIME OF VAPORIZATION 

OF A POLYDISPERSE SYSTEM OF DROPS 

G. P.  Y a s n i k o v  UDC 621.1.016:536 

A method is p roposed  for  calculat ing heat  and m a s s  t r a n s f e r  between phases  on the basis  of 
ana lys i s  of a kinetic equation for  a d r o p - r a d i u s  dis t r ibut ion function. 

The p r o c e s s e s  involved in the in te rac t ion  of a gas with vapor iz ing  drops  a r e  put to use in many engineer ing 
devices  - in sp r ay  drying,  in evapora t ing  cooling sy s t ems ,  e tc .  These  devices  a re  v e r y  efficient  while r e m a i n -  
ing s t ruc tu ra l l y  s imple  [1]. The i r  opera t ing r e g i m e s  a r e  in t imate ly  re la ted  to the kinetics of heat and m a s s  
t r a n s f e r  between the phases .  Quest ions concerning the calculat ion of such t r a n s f e r  p r o c e s s e s  have been ad-  
d r e s s e d  in monographs  and numerous  journal  a r t i c l es .  The g r ea t e s t  diff icult ies  a r i s e  in examining po lyd i spe r se  
drop sys t ems .  Numer i ca l  methods [1, 2] a r e  genera l ly  used in this case.  Mass t r a n s f e r  in a po lyd i spe rse  s y s -  
t e m  of pa r t i c l e s  was desc r ibed  ana ly t ica l ly  in [3, 4] on the bas i s  of a kinetic equation. 

This approach  is used below to analyze  the vapor iza t ion  of a po lyd i spe r se  s y s t e m  of drops  in a v a p o r - g a s  
mixture  and i ts  cooling. As in [2-4], we a s s ume  that the drops  a re  sphe r i ca l  and vapor ize  independently of each 
other,  that  the p r e s s u r e  of the sa tu ra ted  v a p o r  is independent of the drop radius,  and that  no comminution or  co-  
a lescence  of the drops  occurs .  Also, we will r ega rd  the gas and drops  as an adiabat ic  s y s t e m  consis t ing of two 
s u b s y s t e m s  in local  equi l ibr ium.  Here ,  because  of the rapid  t h e r m a l  re laxat ion  of the drops,  the i r  t e m p e r a t u r e  
may be a s sumed  constant and equal  to the t e m p e r a t u r e  of a wet t h e r m o m e t e r .  The foregoing assumpt ions  a r e  
rea l i zed  in many cases  of p r ac t i ca l  impor tance .  

We will  desc r ibe  the change in the po lyd i spe r s i ty  of the pa r t i c l e s  during vapor iza t ion  with a kinetic equa-  
tion for  the d is t r ibut ion function of pa r t i c l e  radius  r: 

of o 
o--/- + - ~  (w f) = o. (1) 

The following re la t ions  [4] a r e  sa t i s f ied  for  f(r, t): 

dN = Nor (r, t) dr, f (r, O) = fo (r), f ro  (r) dr = 1. (2) 
0 

These  re la t ions  must  be supplemented  by the independent equation of the kinetics of vapor iza t ion  of an individual 
drop d r /d r  =w(r,  t). In the genera l  case  of an a r b i t r a r y  dependence of vapor iza t ion  ra te  w(r, t) on radius r, in te -  
gra t ion  of Eq. (1) is a fa i r ly  compl ica ted t a sk  in view of its nonlineari ty.  Methods of r igorous ly  solving the equa-  
t ion were  developed in detai l  in [4], but a n u m e r i c a l  calculat ion is n e c e s s a r y  to obtain speci f ic  resul t s .  The 
p r o b l e m  can be s impl i f ied  cons iderably  for  s i m i l a r i t y  r e g i m e s  of vapor iza t ion ,  when the p a r a m e t e r s  of the s y s -  
t e m  r ema in  constant  with a change in the num b er  of drops  p e r  unit volume of the sys tem.  Such r e g i m e s  may 
prevai l ,  for  example ,  in the intensive vapor iza t ion  of drops  in a highly turbulent  gas [4]. The vapor iza t ion  of 
individual drops  is usual ly  r ega rded  as a quas is teady p r o c e s s  [1-5]. Here ,  the vapor iza t ion  ra te  w(r, t) can 
v e r y  often be r e p r e s e n t e d  in the f o r m  of the product  of two functions w =c0(t)~ (r). This  makes  it poss ib le  to use 
the common p rocedure  of separa t ion  of v a r i a b l e s  by Four i e r ,  s method. Assuming  in (1) that  f(r, t) = ~(t)R(r), 
we obtain the s y s t e m  of o rd inary  d i f fe rent ia l  equations 

d e  = ~o)~, d ( ~ R )  _ aR,  (3) 
dt dr 

the solution of which may be r e p r e s e n t e d  in the f o r m  
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q S : e x p [ a  I (o(t) d t ] ,  R ( r ) = A Q - ' e x p [ - - a . f  ~-'(r) dr 1. 
0 0 

Thus, the general  solution of (1) may be writ ten in the fo rm of a se r ies  
t 

r(,, (,) oxp [ -  o, ox,, .I (o(,)dt]. 
i 0 

(4)  

(5)  

In many cases of prac t ica l  importance,  the vaporizat ion kinetics may be conveniently given through the 
heat-balance equation for individual drops 

dr _ r (r) ( r - -  Tq) -- a (r) O. (6) 
dt oqq %q 

If necessary ,  Eq. (6) may be replaced by other express ions  for w which descr ibe  drop vaporizat ion with more 
detail  and r igor,  such as in [61. However, all of these express ions  are  general ly cumbersome and involve the 
use of numerical  methods to achieve the final results .  Moreover,  (6) allows the use of empir ica l  data on heat 
t r ans f e r  for engineering calculations. Based on this data, ~ may be represented in the fo rm a = ~r  -n  [1, 2, 4, 
5, 7]. The value of ~ depends on the rate  of flow and thermophysiea l  proper t ies  of the medium. At n =1, Eq. 
(6) gives the fami l ia r  Maxwell vaporizat ion law [5]. The case n= 0 corresponds to vaporizat ion in a highly 
turbulent gas [4]. The hea t - t r ans fe r  coefficient may be calculated on the basis of any determining dimension 
convenient for prac t ica l  purposes.  For  example, if the initial mean part icle  radius 7% is chosen as this dimen-  
sion, then G 0 = ~)~0 -I and c~ =a 0(r/~0) -n. Thus, the vaporizat ion law for an individual part icle  will have the 
fo rm 

= = , ( v )  

dt Pqfi 

whe re 

(r/7o) - ~  = f~ (r);  - -  ~O/Pqq  - -  a ( t) .  

The integral  of r in (5) is easi ly calculated: 
; ; ( ~ _ ) n  . ?-n+I 

Q- i ( r ] d r=  d r=  ( n +  l) r~ 

and, allowing for (7) and (8), we may represent  distribution function (5) as follows: 

[ j r '  ] f (r, t) Z A~ exp = exp Iv(t)dt 
l , , (n + 1) r ~  L 

where a~ = aao/Pqri . 

At t =0 f rom (9) we obtain an approximation of the initial distr ibution 

T o ( r ) = f ( r ,  O ) = Z A  , exp (n~ 57~. j . 
i 

Using (9), we calculate the moment of order s: 

i ns E n-t-s+ 1 NO - - - -  < r s ( t ) )  -- N (t) ,, rs[ (r, t) dr = r'~ gi Cs h@_ A~ai "+' 

0 i 

t. 
[ - , e  f o dr ]. 

0 

In the integration of f(r, t) for r in (ii), it was considered in [8] that 

a l r n W l  - r ~ T l  rn+S exp dr C~al ~+1 - ~ 
�9 --r~ ( n +  1) r~ 
0 

(8)  

(9) 

( l O )  

(11) 

(12) 
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C~=(n+l )~+~ 17( n+s+l)n-}-I " (13) 

Fo r  subsequent calculations, it  would be convenient to introduce the quantity y =1 - x, represent ing  the ra t io  of 
the unvaporized mass of drops Mq(t) to the init ial  mass  of the drops Mq0: 

Mq < r 3 > N (t) (14) y(t) = = | r 3 f ( r ,  t) dr = 
MqO r] o r~ No J 

Substituting (11) into (14), for  s =3 we find that 
3n n + 4  t 

y ( / ) =  C__@_3 r,~+~ Z A~az-/I+-~ exp I - -a*  S ~ ( t )d t ] .  (15) 
o 

Beginning with a cer ta in  moment of t ime, the behavior  of functions (9), (11), and (15) will be determined 
by the t e r m  with the lowest a i (min { ai} =a), i .e. ,  a unique r egu la r  vaporizat ion regime will begin. In this 
ease: the initial  dis tr ibut ion (10) will be approximated by one of the functions belonging to the class R(r) [4]. 

Let  the r egu la r  regime begin at moment of t ime t 0. Then, for  t >- to, we may ignore all of the t e rms  of 
s e r i e s  (11) except  one: 

. n~  ~+~+1 t 

< rs  > CsN~ (t) A a  " + ~  exp [--a*~70 9(t) dt] .  (16) 

Assuming s =0 in (16) and considering f rom (13) that C s =C O =1, we obtain 

t A _ N(to) N(t)=vNoexp [ - - a*S  9(t) dt], v 
a N O l .  

We find the following s imi la r i ty  p a r a m e t e r s  f rom (11) and (17) 
s /Is 

< r ~ >=r~ o = vC~a ,~+1 r o ~  

Determining a f rom (18) at s =1, we finally obtain 
(vC~)/I+1 

ro 
< ,, > = % : c, ( <~ 'I'. 

\Civ ) 

(17) 

(18) 

(19) 

Allowing for  (14), (17), and (18), Eq. (15) takes the following fo rm for  the regu la r  regime 
t 

y =   oxp I--a* S 
to 

Differentiat ing (20) with r e spec t  to t, we change over  to the equation 

d__y_g + a*~y -= O. 
dt 

We will wri te  the heat balance of the sy s t em thus 

~--(MgCvg+Mvcpv)dt d--~ = 4 ~ N ~  ,i r2(@-l-/I, -o / 
0 

f (r, t )  dt. 

The in tegra l  on the r ight  side can be expressed  through moments (11) and (19) of the o rde r  s =2 - n 

r 2 [(r, t) dr r~(r  2-n }. 
No 

0 

(20) 

(21) 

(22) 

(23) 
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Fig, 1. Curve of the function y =y(q~); 1) calculated with exact Eq. (27); 2) l inear  approxima-  
tion {29). The numbers  denote values of ~. 

Fig. 2. Kinetics of vaporizat ion of a drop system:  1) calculated with (22);2) with (23). 
corresponding points denote data f rom [2] for  ~*/~0 = 0.8 and 1.0. 

The 

4 ar~gq Considering that Mq0 = 3 

introduce the complexes: 

and taking into account the definition of a*  in (9) and Eqs. (13) and (19), we 

= , = _ 3Hr i v ~( ~ a* ao(',C,) "+1 O*--  
Mg pqrir o C!,~ r 

kr - -  Q -r('~+4/[r'( 3---~-/]-1(n+1)-~. 
C2_~ n + l /  \ n + l / J  

(24) 

Equation (22) is changed to the following form by means of (23) and (24) 

[ I ' ] l + p ( 1 - - y )  @---L] d0 a*~*t%exp --a* ( ~(t) dt . 
Cpg J dt }o 

(25) 

Examining (21) and (25) together,  we may exclude the t ime t, having de termined  y =y(~): 

O* dY = L I +  PCpv ( 1 - - g ) ] .  
d~ Cpg 

For  the initial conditions ~ I t =to =~0 =T0-Tq ,  Y(~0) = 1, the solution of (26) has the fo rm 

F r o m  here  we find ,~ as a function of y and substitute d(y) into (21): 

dy [ CpgO* ~tCvv ( l _ y )  ] =0" d'--~ + a* 0 o - -  In 1 -}- - y 
Hcpv Cpg 

(26) 

(27) 

(28) 

This equation reduces to quadratures ,  but its solution is not expressed  in t e rm s  of e l emen ta ry  functions and 
involves the use of numer ica l  methods. Thus, (26) and (27) fully descr ibe  the stated problem.  

If we l inear ize  (27) 

g =  1 - - . @ o - - ~  (29) ~, , 

then (28) takes the fo rm 

dy + a* (x%o - -  0*) y + a*@*y z = 0. (30) 
clt 
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It co inc ides  with the equa t ion  in [4] fo r  the t ime p a r t  of  the d i s t r ibu t ion  function. Numer ica l  ca lcu la t ions  of 
�9 . 

y=y(q0),  ~o =pCpv(O 0 -  ~)/Cpg us ing  exac t  and app rox ima te  f o r m u l a s  (16) and (18), shown in Fig.  1, indicate  that ,  
in c a s e s  of p r a c t i c a l  i m p o r t a n c e  (/~ ~ 0.5) [1], it is quite accep tab le  to l imi t  onese l f  to the l inea r  app rox ima t ion  
(29) fo r  y = y(d). The funct ion y(t) is  e a s i l y  found by in t eg ra t ing  (30). With the init ial  condit ion y(0) = 1, the so lu -  
t ion of  (30) has  the f o r m  

y = (0o - -  6*) {00 exp [a* (00 - -  6*) l] - -  0*}-L (31) 

The quant i ty  of m o i s t u r e  v a p o r i z e d  up to m o m e n t  of t ime  t is equal  to  

x = l - - y =  
exp [a* (~o - -  6*) t] - -  1 

exp [a* (0o - -  ~*) t] - -  ~*/0o 

The t e m p e r a t u r e  of  the gas is d e t e r m i n e d  as  a funct ion of t ime  f r o m  (27) 

T ( 0 = r o - - ~ l n  ! +  ,uc~jv{exp [a* (0o --  6*) q - -  I} I 
.UCpv C,,g{exp [a* (60 - -  if*) t] - -  ~*/0o} t " 

(32) 

The r e su l t i ng  r e l a t ions  include the fol lowing spec ia l  ca ses .  I f d  0 > d * ,  then, fo r  t ime  t }} [a* 03"o-- 0:::)] -~ = 
f r o m  (31) we have 

g = (1 - -  #*/~o) exp (--  t/z). (33) 

If  d 0 =d* ,  the a i r  wiI1 be cooled to  the t e m p e r a t u r e  of the d rops  Tq. Here,  aI1 of the s p r a y e d  mo i s tu re  will be 
v a p o r i z e d  by the end of  the p r o c e s s  and the so lu t ion  of (30) wil l  have the f o r m  

y =  (1 + 0)-% O = a*~o t = ao(vCl) "+1 (To_Tq)..t_ (34) 
,~ 

At do< d* ,  s o m e  of the m o i s t u r e  wil l  r e m a i n  unvapor i zed  

g v =  1 - -  c~Oofi~ 
3~triv 

The r e s u l t s  of  the ca lcu la t ions  with Eqs.  (33) and (34) (Fig. 2) fo r  t ime  t > ~-, 0 > 1 a g r e e  well  with the 
da ta  in [2]. I f  we use  (30) to  ca lcu la te  the change in t e m p e r a t u r e  over  t ime,  then  i n t eg ra l  equat ion (25) might  
lead to  the non l inea r  d i f f e ren t i a l  equat ion  

dF2_  _ +  ,62 = o, (35) 
dt 2 \ dt ] dt 

which is e a s i l y  i n t eg ra t ed  by subs t i tu t ing  dd /d t  =p(d). Its solut ion has  the f o r m  

Ifd 0 < d * ,  then fort >~- 

i/ ~(t) = 8o \ 1 - -  1 - - - -  exp a* (0o - -  O*) t] . 
60 

\ 60 ) exp(-- t / r ) .  

(36) 

(37) 

In the case  where  d rop  v a p o r i z a t i o n  o c c u r s  in a c o m p r e s s i b l e ,  highly turbulent  gas flow, it can be shown that  
f o r  the kinet ic  law w = -  Ly(y- -ys ) ,  Ly = #fl pgpq-1 

d__yy + A(t) y~(t) g(t) + A(t) g~-(L) = 0, A = ~9_g, (38), (39) 
dt 9qro 

where  Ys c o r r e s p o n d s  to  tha t  po r t ion  of the liquid phase  at which the v a p o r  in the v a p o r - g a s  mix tu re  b e c o me s  
sa tura ted .  Thus ,  the p r o b l e m  is compl ica ted  cons ide rab ly ,  s ince  addi t ional  re la t ions  a re  r equ i r ed  for  the func-  
t-ions pg(t) and Ys(~)- This  can be done in p r inc ip le ,  but it involves  the use  of  n u m e r i c a l  me thods .  

I f  a cloud of  p a r t i c l e s  unde rgoes  re la t ive  m o v e m e n t  o r  is t r a n s p o r t e d  by a s t eady  gas flow at a ve loc i ty  
v(z) a long a c e r t a i n  axis  z, k inet ic  equat ion (1) t akes  the f o r m  
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v (40) of + o (/~) _ o. 
OZ Or 

Literal ly  repeating all  of the preceding arguments ,  we may obtain a di f ferent ia l  equation for  y(z) 

d g a * v  dg 0 [ ; O d z ]  
- - - - - -  g = 0 ,  -- a* exp - -a*  
dz v dz v v (z) J 

0 

(41) 

and an equation for  cooling of the gas 
z 

Cpg 

Equations (27) and (29) again foIlow f rom (41) and (42). Aliowing for  (29), instead of (30) we may obtain f rom 
(41) 

dy a* (~0-- ~*) a*0* f i  = 0 (43) 
dz ~- v (z) Y + ~ -  

- B e r n o u l l i ' s  equation, which is easi ly  integrated:  

g -- (t% --  0") {t% exp [a* (~o - -  
" dz ] -1 

0 

(44) 

Comparing (44) and (31), we see that if  we make the substitution 

j ~" dz 
t ~ v ( z )  

0 

in Eqs. (31)-(35), then they can be used to calculate the vaporizat ion of polydisperse  par t ic les  in a steady gas 
flow. These equations also apply in the ease of a cloud of drops moving re la t ive  to a s ta t ionary gas. 

Let us p resen t  some sample values of the numer ica l  constants in (13) and (24) for  n=0;  0.5; 1.0: C 1 =1.00; 
1.18; 1.25; C~ -t =1.0; 1.61; 1.56; k r=3 .0 ;  3.0; 2.38. Thus, in cases  of p rac t i ca l  importance,  n=0.5  and 1.0, the 
value of ~* in (24) is determined by the express ion  0 "=  ~triv/C~g The c r i t e r iona l  equation [2] Nu = (2 + 0 .3 .  
Prl/3Ret/2) can be used to calculate d0, while the other quantities in (24) can be taken f rom handbook data. 

NOTATION 

r, drop radius; t, t ime;  f(r, t), d rop- rad ius  dis tr ibut ion function; w = d r / d t ,  vaporizat ion rate;  N(t), No, 
cur ren t  and total  number  of par t ic les  in the sys t em at the initial  moment of t ime;  Ai, ai, constants in (4); a (r), 
ol0, hea t - t r ans f e r  coefficients;  pq, pg, density of liquid and gas; Tq, T, t empera tu re  of drop and gas; ri, heat 
of vaporizat ion;  d =T - Tq; n, exponent dependent on o~ (r); ~'0, par t ic le  radius averaged over  f0(r); y, x, f ract ions 
of unvaporized and vaporized moisture,  respect ive ly ;  F(n), gamma function; v, f ract ion of unvaporized par t ic les  
at t =to; Mq, Mv, Mg, mass of drops,  vapor,  and gas, respect ive ly ;  Cpv, Cpg, i sobar ic  heat capaci t ies  of vapor  
and gas; a * ,  ~ * ,  kr, p a r a m e t e r s  defined in (9) and (24); p, init ial  concentrat ion of mois ture  (kg l iquid/kg dry  
gas); ~', 0, cha rac te r i s t i c  t imes  determined in (33) and (34); q~, function in the exponent of (26); fi, m a s s - t r a n s -  
fe r  coefficient; v(z), par t ic le  velocity;  z, coordinate.  Indices: q, drops;  v, vapor;  g, gas; s, state of saturat ion;  
0, initial  moment of t ime. 
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MATHEMATICAL MODELING OF T H E  HEAT-TRANSFER 

PROCESS AND SOLID PARTICLES IN A FLUIDIZED BED 

V. A.  B o r o d u l y a ,  Y u .  S. T e p l i t s k i i ,  
Y u .  G. E p a n o v ,  Y u .  E.  L i v s h i t s ,  
a n d  I .  I .  Y a n o v i c h  

UDC 66.096.5 

The authors  formula te  a two-concen t ra t ion  model of pa r t i c l e  mixing in a fluidized bed, account-  
ing for  pa r t i c le  iner t ia .  

In spite of the impor tance  of knowing the laws for  t r a n s f e r  of beat  and pa r t i c l e  mass  in a 'fluidized bed, 
this m a t t e r  has not yet been sa t i s f ac to r i ly  resolved.  Exis t ing methods account for  some of the r ea l  t r anspor t  
p r o p e r t i e s  of the sys tem,  but there  is no model  that de sc r ibe s  at leas t  the bas ic  fea tures  of the bed and includes 
the p r e sen t  methods of desc r ib ing  the mixing phenomenon as spec ia l  cases .  F o r  example ,  the s imples t  diffusion 
model [1] examines  the pa r t i c l e  t r a n s p o r t  p r o c e s s  as a pure ly  r andom diffusion one. The c i rcula t ion mixing 
method [2] s ingles out convective par t i c le  t r a n s p o r t  as the bas ic  m e c h a n i s m  (upwards in the t r a i l s  of the a s -  
cending gas bubbles, and downwards in the  remain ing  emuls ion  phase),  and complete ly  ignores  the p re sence  of 
diffusion t r a n s p o r t  in the continuous bed phase.  The one-concent ra t ion  equation of convective diffusion fo rmu-  
la ted  in [3] takes  account  of both diffusion and c i rcula t ion t r anspor t ,  and he re  to calculate the la t te r  we need 
detai led knowledge of the pa r t i c l e  ve loci ty  d is t r ibut ion over  t ime  and s y s t e m  volume. This  makes  the model 
e x t r e m e l y  awkward for  p r ac t i ca l  use. The c i rcula t ion-di f fus ion two-concent ra t ion  mixing method proposed 
in [4] combines  the good quali t ies of the diffusion and the c i rcula t ion models.  But even it  is not f ree  f rom the 
common defect  genera l ly  inherent  in the diffusion pa rabo l i c  equations,  that it does not take account of the iner t ia  
of the solid phase.  As is well  known [5], this leads  to the paradox of infinitely large instantaneous veloci ty of 
pa r t i c le  motion. The re fo re ,  in [5] pa r t i c l e  mixing was desc r ibed  by the hyperbol ic  diffusion equations which, 
however,  do not account for  the c i rcu la t ion  mixing  mechanism.  

Thus, ne i ther  of the above models  includes al l  the bas ic  fea tures  of the mixing p roces s ,  and the re fo re  
does not sa t i s fac to r i ly  desc r ibe  the ac tual  p r o c e s s  over  a wide range of va r ia t ion  of the exper imenta l  conditions. 

In this pape r  the authors have t r i ed  to const ruct  quite a un ive r sa l  model  of the p roces s ,  to desc r ibe  both 
diffusion and c i rcula t ion  t r anspor t ,  and the iner t ia  of the solid phase.  

Th ree  bas i c  mechan i sms  have been identified for  mixing of pa r t i c l e s  and bubbles in fluidized beds (Fig. 1): 

a) c i rcula t ion (convective) t r a n s p o r t  of pa r t i c l e s  ve r t i ca l ly ;  

b) turbulent  diffusion of pa r t i c l e s  at finite speed in the descending dense phase;  

c) hor izonta l  exchange of pa r t i c l e s  between t r a i l s  of gas bubbles and the descending dense phase. 

The continuity equations for  flux of labeled pa r t i c l e s  have the f o r m  

A Oc, + A ~wlc---------!--t = [~ (c~ - -  c,), 
& Ox~ 

A. V. Lykov Insti tute of Heat  and Mass T rans fe r ,  Academy of Sciences of the Be loruss ian  SSR, Minsk. 
T rans l a t ed  f r o m  Inzhenerno-F iz iehesk i i  Zhurnal,  Vol. 42, No. 2, pp. 251-259, Februa ry ,  1982. Original  
a r t ic le  submit ted F e b r u a r y  2, 1981. 

0022-0841/82/4202-0169 $07.50 �9 1982 Plenum Publishing Corpora t ion  169 


